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Abstract
Let g be a semisimple Lie algebra and U(g) its enveloping algebra. Given an induced or prime ideal I
in U(g) we formulate some inclusion relations for the set of primitive ideals containing I .
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0. Introduction
Let g be a complex semisimple Lie algebra, h be a Cartan subalgebra of g and h∗ the dual
of h. Let W be the associated Weyl group, R the root system associated to W and B a basis for R.
Let U(g) be the enveloping algebra of g. For any λ ∈ h∗ denote by I (λ) the annihilator of the
simple highest weight module L(λ). In [11], A. Joseph attaches to any two-sided ideal I in U(g)
a subvariety V(I ) of h∗, called the characteristic variety of I . The knowledge of V(I ) allows us
to find all primitive ideals containing I . More precisely by [4, appendix], if I is a two-sided ideal
of U(g) then we have:
λ ∈ V(I ) ⇐⇒ I ⊂ I (λ).
Our object in the first two sections is to study the characteristic variety of an ideal in U(g)
induced by a primitive ideal in the enveloping algebra of a Levi subalgebra of g. More precisely,
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2 N. Papalexiou / Journal of Algebra 302 (2006) 1–15let p be a parabolic subalgebra of g with Levi l, z the center of l, h′ = [l, l]∩h, R′ the root system
of l and B ′ a basis for R′. For any ν ∈ (h′)∗ we fix the primitive ideal in U(l), J = AnnL′(ν).
Given any λ ∈ z∗, we denote by Ip(J,λ) the annihilator in U(g) of the induced U(g)-module
U(g)⊗p L′(ν +λ). For any subset B ′ of B , let DB ′ be the set of all w ∈ W such that wB ′ ⊂ R+.
In the first section, using Borho–Jantzen’s theory [3], we calculate explicitly the characteristic
variety of Ip(J,λ) in case that [l, l] is isomorphic to sl(2,C) (Proposition 1.6). Furthermore,
for l in general, using Duflo’s [7, Proposition 12] and Borho–Jantzen’s results [3], we find an
upper estimate for the characteristic variety of Ip(J,λ) (Proposition 1.7) in the case where B ′ ⊂
R+ν+λ = {α ∈ Rν+λ | 〈ν + λ + ρ, αˇ〉 0}:
Proposition 0.1. Let B ′ ⊂ B and p = pB ′ the parabolic subalgebra defined by B ′. Let ν ∈ (h′)∗,
J = AnnU(l) L′(ν) and λ ∈ z∗. Suppose that ν + λ is regular and B ′ ⊂ R+ν+λ. Denote by x the
element in DB ′ such that x · (ν + λ) = μ is dominant. Then,
V(Ip(J,λ))⊂ ⋂
α∈B ′
⋃
β∈Tα,x
Dβ · μ,
where Tα,x denotes the set of β ∈ B such that 〈xα,β〉 = 0.
The main result of Section 2 will be the proof of the conjecture (C1) posed by Borho and
Joseph in [4, appendix] concerning the calculation of a lower estimate of the characteristic variety
of an induced ideal. In our approach we project the induced ideal in U(l) and then we translate it
using the translator functor of l-modules. In particular we prove (Theorem 2.7):
Theorem 0.2. Let ν ∈ (h′)∗, λ ∈ z∗ such that J = AnnU(l) L′(ν) and Ip(J,λ) the corresponding
induced ideal. Then, one has
V(Ip(J,λ))⊃ DB ′(V ′(J ) + λ).
Our aim in the third section will be the study of the characteristic variety for a prime ideal.
The knowledge of this variety could enable us to determine the topology in the set SpecU(g)
of prime ideals in U(g). By [4, Proposition 5.7] every prime ideal P can be expressed in the
following way:
P = Ip(J,Λ) :=
⋂
λ∈Λ
Ip(J,λ),
where Λ is an irreducible subset in z∗. At first, for every prime ideal P in U(g), using the results
of the previous section, we prove an inclusion relation for V(P ) (Proposition 3.3):
Proposition 0.3. Let P be a prime ideal such that P = Ip(J,Λ) with p a parabolic subalgebra
with Levi l and J a primitive ideal in U(l). Then we have,
V(Ip(J,Λ))⊃ DB ′(V ′(J ) + Λ).
In the sequel, we calculate the Gelfand–Kirillov dimension of a prime ideal (Proposition 3.5)
answering a question of Soergel in [13, 5.3]. At the end of this work we analyze the case of
N. Papalexiou / Journal of Algebra 302 (2006) 1–15 3sl(4) giving a negative answer for the Soergel’s revised conjecture [13, Conjecture 5.1] (see
http://home.mathematik.uni-freiburg.de/soergel/PReprints/Korrektur.pdf).
1. An upper estimate of the characteristic variety of an induced ideal
Let g be a complex semisimple Lie algebra, h be a Cartan subalgebra of g and h∗ the dual
of h. Let g = n+ ⊕ h ⊕ n− be the corresponding triangular decomposition of g. Let R be the
root system of g relative to h and R+ the set of positive roots of R. Let ρ be the half-sum of
positive roots. Denote by W the Weyl group of g. We consider the shifted by −ρ action of W
on h∗: w · λ = w(λ + ρ) − ρ, for any w ∈ W and λ ∈ h∗. Let U(g) be the enveloping algebra
of g. For each μ ∈ h∗ let L(μ) be the simple g-module of highest weight μ and let I (μ) be
the annihilator of L(μ) in U(g). The object of this section is to find an upper estimate of the
characteristic variety of an ideal in U(g) induced by a primitive ideal in the enveloping algebra
of a Levi subalgebra of g.
We shall denote by Rμ the root system consisting of all α ∈ R such that 〈μ + ρ, αˇ〉 ∈ Z. We
set R+μ = {α ∈ Rμ | 〈μ+ρ, αˇ〉 0}. We shall say that μ is dominant if R+μ ⊂ R+. Let Wμ be the
Weyl group of Rμ. We also set Dμ = {w ∈ W | w(Rμ ∩R+) ⊂ R+}, which identifies with the set
of minimal right coset representatives of Wμ in W . Let Primμ U(g) be the set of primitive ideals
of U(g) with central character μ ∈ h∗. Then, by [7], we know that the map w → AnnL(w · μ)
defines a surjective map from Wμ onto Primμ U(g). Furthermore, Primμ U(g) is ordered by
inclusions and has U(g)kerχμ as its unique minimal element. Suppose w1,w2 ∈ Wμ. We shall
write w1  w2 if and only if I (w1 · μ) ⊃ I (w2 · μ). Given w ∈ Wμ, we denote by Cμ(w) or
simply by C(w) if there is no confusion, the left cone over w in Wμ consisting of all x ∈ Wμ
such that x w.
Let P :U(g) → U(h) = S(h) be the Harish-Chandra projection with kernel n−U(g) +
U(g)n+. Given now any two-sided ideal I of U(g) the characteristic variety of I is a variety
in h∗ defined by the following way:
V(I ) = {λ ∈ h∗ ∣∣ P(I)(λ) = 0}.
By Eq. (∗) in appendix of [4], it is known that the characteristic variety of an ideal I consists
of all λ ∈ h∗ such that I ⊂ I (λ). Thus, if two primitive ideals have the same characteristic variety
they are equal. Let I1, . . . , In two-sided ideals in U(g). Then by [11, Lemma 1(v), (vi)] we have,
V
(
n⋂
i=1
Ii
)
=
n⋃
i=1
V(Ii) and V
(
n∑
i=1
Ii
)
=
n⋂
i=1
V(Ii).
Moreover, if
√
I denotes the radical of an ideal I , then V(√I ) = V(I ). These properties imply
the lemma:
Lemma 1.1. Let I be a semi-prime ideal in U(g) and let I1, . . . , In the minimal prime ideals
containing I . Then
V(I ) =
n⋃
i=1
V(Ii).
4 N. Papalexiou / Journal of Algebra 302 (2006) 1–15We recall that (see [11, Lemma 1(ii)]) for any μ ∈ h∗, the characteristic variety of the primitive
ideal I (μ) satisfies the following inclusions:
{μ} ⊂ V(I (μ))⊂ W · μ.
It is clear that the characteristic variety of a primitive ideal is a finite set. More precisely, if μ ∈ h∗,
is regular and dominant the characteristic variety of I (w ·μ) = AnnL(w ·μ), where w ∈ Wμ, is
given by the following formula (see, for example, appendix of [4]):
V(I (w · μ))= DμC(w) · μ.
Given a primitive ideal I (w · μ) in U(g) we denote by WI(w·μ) the subset of W for which
V(I (w · μ))= WI(w·μ) · μ.
For any λ ∈ h∗ we denote by F(λ) its facette and by Fˆ (λ) the upper closure of F(λ)
(see [10, 2.5]). Let Λ = λ + P(R), where P(R) denotes the lattice of integral weights. The
following proposition is an immediate consequence of the translation principle.
Proposition 1.2. Let μ ∈ Λ be a regular dominant weight and w ∈ Wμ. If w · ν ∈ Fˆ (w · μ)
we consider the translator functor T νμ : Primw·μ U(g) → Primw·ν U(g) (see [10, 4.12]). Then we
have
V(T νμI (w · μ))= WI(w·μ) · ν.
Proof. By the hypothesis we have that w · ν is in the upper closure of the facette defined by
w · μ, hence we have
V(T νμI (w · μ))= V(I (w · ν))= WI(w·ν) · ν.
Assume now that y is an element in WI(w·ν). We have y ·ν ∈ V(I (w ·ν)) if and only if I (w ·ν) ⊂
I (y · ν) [11, Lemma 1(i)]. By the translation principle [10, Satz 5.8] I (w · ν) ⊂ I (y · ν) is
equivalent to the fact that I (w · μ) ⊂ I (y · μ), which means that y ∈ WI(w·μ). Then we have
WI(w·ν) · ν = WI(w·μ) · ν. 
Let B be a basis of the root system R. For any subset B ′ of B we set R′ = R ∩ ZB ′ and
R′+ = R′ ∩ R+. Let u+ =
⊕
α∈R+\R′+ gα and u− =
⊕
α∈R+\R′+ g−α . We set n
+
B ′ =
⊕
α∈R′+ gα
and n−
B ′ =
⊕
α∈R′+ g−α . Then we define the parabolic subalgebra p = pB ′ := n+ ⊕ h ⊕ n
−
B ′ with
nilradical u+. We also denote by l = lB ′ = n+B ′ ⊕ h⊕ n−B ′ the corresponding Levi subalgebra of p
and z its center. Then we have:
g = u− ⊕ l ⊕ u+, p = l ⊕ u+, l = [l, l] ⊕ z.
Let h′ be a complement of z in h such that h′ = [l, l] ∩ h. It is obvious that R′ is a root system
of l relative to h′. Denote by W ′ the corresponding Weyl group of l. For each μ ∈ h∗ let L′(μ)
be the simple l-module of highest weight μ. Let I ′(μ) be the annihilator of L′(μ) in U(l). For
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Mp(J,λ) or Mp(ν + λ) the induced U(g)-module:
Mp(J,λ) = Mp(ν + λ) := U(g) ⊗p
(
U(l)/J ⊗ Cλ
)= U(g) ⊗p L′(ν + λ),
where u+ acts trivially on U(l)/J and Cλ is the one-dimensional p-module of weight λ. We also
denote by Ip(J,λ) or Ip(ν + λ) the corresponding induced ideal:
Ip(J,λ) = Ip(ν + λ) := AnnU(g) Mp(J,λ) = AnnU(g) Mp(ν + λ).
We set W ′μ = Wμ ∩ W ′. We also set DB ′ = {w ∈ W | wB ′ ⊂ R+}, which identifies with the
set of minimal right coset representatives of W ′ in W . For any subset S of R+ we set DS =
{w ∈ W | wS ⊂ R+}.
Lemma 1.3. If S1, S2 ⊂ R+, we have:
(i) DS1 ∩ DS2 = DS1∪S2 ;
(ii) if furthermore x ∈ W such that xS1 ⊂ R+, then DS1x−1 = DxS1 .
Proof. (i) We have DS1 = {w ∈ W | wS1 ⊂ R+} and DS2 = {w ∈ W | wS2 ⊂ R+}. Then obvi-
ously we have:
DS1 ∩ DS2 =
{
w ∈ W ∣∣w(S1 ∪ S2) ⊂ R+}= DS1∪S2 .
(ii) We see that w is an element of DS1x−1 if and only if wxS1 ⊂ R+ which is equivalent that
w is an element of DxS1 . 
Let B ′ be a subset of Bμ. We denote by wμ and wB ′ the longest elements in Wμ and W ′,
respectively. The element wD′μ := wμwB ′ is the longest element in D′μ := DB ′ ∩ Wμ.
Next we calculate the characteristic variety of some primitive ideals.
Proposition 1.4. Let μ be a B-dominant regular weight and w′ ∈ W ′. Then,
V(I (wD′μw′ · μ))= DB ′V ′(I ′(w′ · μ)).
Proof. By [10, Satz 7.19] we have that
{
y ∈ Wμ
∣∣ I (wD′μw′ · μ) ⊂ I (y · μ)}
= {w1w2 ∣∣w1 ∈ D′μ, w2 ∈ W ′ with I ′(w′ · μ) ⊂ I ′(w2 · μ)}.
In addition, by Lemma 3.12 in [4] for all x ∈ Dμ, y ∈ Wμ one has I (xy · μ) = I (y · μ). Since
B ′ ⊂ Bμ, Dμ(DB ′ ∩ Wμ) = DB ′ . Hence, V(I (wD′μw′ · μ)) = DB ′V ′(I ′(w′ · μ)). 
Let α ∈ B and μ a B-regular dominant weight. Suppose that α ∈ R+μ . Denote by Iα(μ) the
almost minimal primitive ideal I (wμsα · μ) in U(g). Then we have the following corollary.
Corollary 1.5. The characteristic variety of Iα(μ) is equal to Dα · μ.
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The following proposition is a slight generalization of Satz 4.15 in [3]. We calculate the in-
duced ideal in the case when the semisimple part of the Levi factor of the parabolic subalgebra is
isomorphic to sl(2,C). For any α ∈ B we denote by pα the parabolic subalgebra n+ ⊕ h ⊕ g−α
with Levi lα = gα ⊕ h ⊕ g−α .
Proposition 1.6. Let α ∈ B and x ∈ Dα . Let μ ∈ h∗ be a dominant and B-regular weight. Sup-
pose that xα ∈ R+μ . Let pα be the parabolic subalgebra defined by {α}. We set
Tα,x =
{
β ∈ B ∣∣ 〈xα,β〉 = 0}.
Then we have
√
Ipα
(
x−1 · μ)= ⋂
β∈Tα,x
Iβ(μ). (∗)
Furthermore, V(Ipα (x−1 · μ)) =
⋃
β∈Tα,x Dβ · μ.
Proof. Since x ∈ Dα , xα ∈ R+ which implies that
xα =
∑
β∈B
nββ,
with nβ ∈ N. If xα is of the form β1 + β2 + · · · + βr , with β1, β2, . . . , βr ∈ B , then by
[3, Satz 4.15] we have
√
Ipα
(
x−1 · μ)= r⋂
i=1
Iβi (μ).
We will deduce our result using translation principle. Let x1 ∈ Dα such that x1α = β1 + β2 +
· · · + βr . Then by [3, Lemma 2.8], since α ∈ R+x−1·μ, we obtain
T
x−1·μ
x−11 ·μ
Ipα
(
x−11 · μ
)=√Ipα (x−1 · μ).
Thus, we get the formula (∗). Furthermore, since β ∈ Tα,x and xα ∈ R+, β ∈ R+μ . By Corol-
lary 1.5 we have that V(Iβ(μ)) is equal to Dβ ·μ. Thus, the formula of the characteristic variety
follows from the properties of V(·). 
Suppose that ν + λ is regular and B ′ ⊂ R+ν+λ. This implies that ν + λ is B ′-dominant. Thus,
there exists x ∈ DB ′ such that x · (ν + λ) is dominant. We prove now the basic result of this
paragraph.
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and λ ∈ z∗. Suppose that ν + λ is regular and B ′ ⊂ R+ν+λ. Denote by x the element in DB ′ such
that x · (ν + λ) = μ is dominant. Then,
V(Ip(ν + λ))⊂ ⋂
α∈B ′
⋃
β∈Tα,x
Dβ · μ.
Proof. Let I ′(ν + λ) be the primitive ideal in U(l) of highest weight ν + λ. Denote by wB ′ the
longest element in W ′. By Proposition 12 in [7] we can write:
I ′(ν + λ) =
∑
α∈B ′
I ′
(
sαwB ′ · (ν + λ)
)
.
Thus, the induced ideal becomes,
Ip(ν + λ) = AnnU(g) ⊗p
(
U(l)/I ′(ν + λ))
= AnnU(g) ⊗p
(
U(l)
/∑
α∈B ′
I ′
(
sαwB ′ · (ν + λ)
))
⊃
∑
α∈B ′
AnnU(g) ⊗p
(
U(l)/I ′
(
sαwB ′ · (ν + λ)
))
=
∑
α∈B ′
Ip
(
sαwB ′(ν + λ)
)
.
It suffices now to compute the characteristic variety of Ip(sαwB ′ · (ν + λ)), for any α ∈ B ′.
We calculate first the characteristic variety of the induced ideal Ipα (sαwB ′ · (ν + λ)). Let γα =
(sαwB ′)−1(α) ∈ B ′. We will show that
Ipα
(
sαwB ′ · (ν + λ)
)= Ip(sγαwB ′ · (ν + λ)). (∗∗)
By [2, Lemma 10.4(b)] we know that
Ipα
(
sαwB ′ · (ν + λ)
)= Ann[Indgp(Indlpα I ′′(sαwB ′ · (ν + λ)))],
where I ′′(sαwB ′ · (ν + λ)) is the primitive ideal in U(lα) of highest weight sαwB ′ · (ν + λ).
Denote by I ′pα (sαwB ′ · (ν + λ)) the annihilator in U(l) of Indlpα I ′′(sαwB ′ · (ν + λ)). Since ν + λ
is B ′-dominant, by Proposition 1.6 we have
V ′(I ′pα (sαwB ′ · (ν + λ)))= DB ′γα · (ν + λ),
where DB ′γα = {w ∈ W ′ | wγα ∈ R′+}. On the other hand, there exists a primitive ideal
I ′(sγαwB ′(ν+λ)) in U(l) such that V ′(I ′(sγαwB ′(ν+λ))) = DB ′γα ·(ν+λ). Thus, I ′pα (sαwB ′ ·(ν+
λ)) = I ′(sγαwB ′ · (ν +λ)), which implies Eq. (∗∗). Let now x ∈ DB ′ be such that x · (ν +λ) = μ
is B-dominant. Then, by Eq. (∗∗) above and Eq. (∗) of Proposition 1.6 we get√
Ip
(
sγαwB ′x−1 · μ
)= ⋂
β∈T
Iβ(μ),α,x
8 N. Papalexiou / Journal of Algebra 302 (2006) 1–15which implies that V(Ip(sγαwB ′x−1 · μ)) =
⋃
β∈Tα,x Dβ · μ. Since {γα | α ∈ B ′} = B ′, we have
V(Ip(ν + λ))⊂ ⋂
α∈B ′
V(Ip(sαwB ′x−1 · μ))
=
⋂
α∈B ′
V(Ip(sγαwB ′x−1 · μ)),
and the theorem is proven. 
2. A lower estimate of the characteristic variety of an induced ideal
We keep the notation of Section 1. Our aim is to calculate a lower estimate of the characteristic
variety of an induced ideal in U(g). Here we consider first the projection in U(l) of the induced
ideal and then its translation principle relative to l.
Let B ′ be a subset of Bμ. We recall that wD′μ := wμwB ′ denotes the longest element in D′μ =
DB ′ ∩ Wμ. It is clear that wD′μB ′ = wμwB ′B ′ = wμ(−B ′) is a subset of Bμ.
Lemma 2.1. For any subset B ′ of Bμ we set B ′′ := wD′μB ′ ⊂ Bμ. Denote by W ′ and W ′′ the cor-
responding Weyl groups. Then, the map w′ → w′′ := wD′μw′w−1D′μ induces a group isomorphism
from W ′ onto W ′′. In addition wD′′μ = w−1D′μ.
Proof. For any α ∈ B ′, wD′μsαw−1D′μ = swD′μα . Since W ′′ is generated by its reflections, we have
the first assertion of the lemma.
Now, this isomorphism preserves Bruhat ordering, hence wD′μwB ′w
−1
D′μ
= wB ′′ . Furthermore,
w2μ = w2B ′ = 1, thus
wD′′μ = wμwB ′′ = wμwD′μwB ′w−1D′μ
= wμwμwB ′wB ′w−1D′μ = w
−1
D′μ
. 
Proposition 2.2. Let B ′ ⊂ Bμ and B ′′ = wD′μB ′ ⊂ Bμ and let R′ = R ∩ ZB ′ and R′′ =
R∩ZB ′′ its corresponding roots systems. Then the map φ :α → wD′μα from B ′ to B ′′ induces an
isomorphism of root systems R′ ∼−→ R′′. In addition it induces an isomorphism of Lie algebras
φ˜ : lB ′
∼−→ lB ′′ .
Proof. Since φ : α → wD′μα is a group isomorphism and 〈α,β〉 = 〈wD′μα,wD′μβ〉 for any
α,β ∈ B ′, φ extends uniquely to an isomorphism φˆ : h′ → h′′ mapping R′ onto R′′ and satis-
fying 〈φˆ(α), φˆ(β)〉 = 〈α,β〉 for all α,β ∈ R′. By isomorphism theorem [8, Theorem 14.2] there
exists a unique isomorphism φ˜ : lB ′
∼−→ lB ′′ extending φ. 
Let P ′ :U(l) → U(h) = S(h) be the relative Harish-Chandra projection with kernel n−
B ′U(l)+
U(l)n+′ . We also define Pl :U(g) → U(l) the projection of U(g) onto the first summandB
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J in U(l) we denote by V ′(J ) its relative characteristic variety defined by the following way:
V ′(J ) = {λ ∈ h∗ ∣∣ P ′(J )(λ)}= 0.
We shall now calculate the relation between the characteristic varieties of primitive ideals
in U(lB ′) and in U(lB ′′).
Proposition 2.3. Suppose that μ is a B-dominant regular weight. Let w′ ∈ W ′ and w′′ =
wD′μw
′w−1
D′μ
∈ W ′′. Then, one has
V ′′(I ′′(w′′ · μ))= wD′μV ′(I ′(w′w−1D′μ · μ)).
Proof. Proposition 2.2 implies that the following diagram is commutative:
U(lB ′)
φ˜ 
P ′
U(h)
φˆ 
U(lB ′′)
P ′′
U(h)
Consequently, since φ˜−1(I ′′(w′′ · μ)) = I ′(w−1
D′μ
w′′ · μ), we obtain
P ′′
(
I ′′(w′′ · μ))= φˆP ′φ˜−1(I ′′(w′′ · μ))= φˆP ′(I ′(w′w−1
D′μ
· μ))
which implies, using Proposition 2.2, that for any λ ∈ h∗
P ′′
(
I ′′(w′′ · μ))(λ) = φˆP ′(I ′(w′w−1
D′μ
· μ))(λ)
= P ′(I ′(w′w−1
D′μ
· μ))(w−1
D′μ
· λ).
Thus,
V ′′(I ′′(w′′ · μ))= {λ ∈ h∗ ∣∣ P ′′(I ′′(w′′ · μ))(λ) = 0}
= {λ ∈ h∗ ∣∣ P ′(I ′(w′w−1
D′μ
· μ))(w−1
D′μ
· λ)= 0}
= wD′μ
{
λ ∈ h∗ ∣∣ P ′(I ′(w′w−1
D′μ
· μ))(λ) = 0}
= wD′μV ′
(
I ′
(
w′w−1
D′μ
· μ)). 
Proposition 2.4. Assume that μ is a B-dominant regular weight. For any w′ ∈ W ′,
(a) the induced ideal IpB′ (w′ · μ) is primitive. More precisely,
Ip ′ (w
′ · μ) = I (wD′ w′ · μ)B μ
10 N. Papalexiou / Journal of Algebra 302 (2006) 1–15and
V(IpB′ (w′ · μ))= DB ′V ′(I ′(w′ · μ)).
(b) The induced ideal IpB′ (w′w−1D′μ · μ) is primitive. More precisely,
IpB′
(
w′w−1
D′μ
· μ)= I (wD′′μw′′ · μ)
and
V(IpB′ (w′w−1D′μ · μ))= DB ′′V ′′(I ′′(w′′ · μ))= DB ′V ′(I ′(w′w−1D′μ · μ)).
Proof. (a) Let w′ ∈ W ′ and w′′ := wD′μw′w−1D′μ ∈ W ′′. By Lemma 7.16 in [10], L(w′′w
−1
D′′μ
·μ) =
U(g) ⊗U(pB′′ ) L′′(w′′w−1D′′μ · μ), where L′′(w′′w
−1
D′′μ
· μ) denotes the simple highest weight lB ′′ -
module. Hence
IpB′′
(
w′′w−1
D′′μ
· μ)= I(w′′w−1
D′′μ
· μ). (2.1)
By Satz 15.26 in [10] and Lemma 2.1, since the induced ideal is primitive
IpB′ (w
′ · μ) = Ipw
D′μB
′ (wD′μw
′ · μ) = IpB′′
(
w′′w−1
D′′μ
· μ).
Consequently, by Eq. (2.1) and Lemma 2.1, we also have
IpB′ (w
′ · μ) = I(w′′w−1
D′′μ
· μ)= I (wD′μw′ · μ).
Proposition 1.4 now implies that V(IpB′ (w′ · μ)) = DB ′V ′(I ′(w′ · μ)).(b) By assertion (a) it follows that IpB′′ (w′′ · μ) is a primitive ideal equal to I (wD′′μw′′ · μ) =
I (w′w−1
D′μ
·μ). On the other hand, [10, Satz 15.26] implies that IpB′′ (w′′ ·μ) = IpB′ (wD′′μw′′ ·μ) =
IpB′ (w
′w−1
D′μ
· μ). Hence IpB′ (w′w−1D′μ · μ) is a primitive ideal equal to I (w′w
−1
D′μ
· μ). Finally, by
assertion (a), Lemma 1.3(ii) and Proposition 2.3 one has
V(IpB′ (w′w−1D′μ · μ))= V(I(w′w−1D′μ · μ))
= V(I (wD′′μw′′ · μ))
= DB ′′V ′′
(
I ′′(w′′ · μ))
= DB ′w−1D′μwD′μV
′(I(w′w−1
D′μ
· μ))
= DB ′V ′
(
I
(
w′w−1
D′μ
· μ)). 
For any U(g)-module M we write Pl(M) its restriction as U(l)-module. We denote by T ′νμ
the translator functor of l-modules.
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of F . Then
T ′νμ Pl Ind
g
p L
′(μ) ∼= Pl Indgp T ′νμ L′(μ).
Proof. Let E′ be a simple finite-dimensional U(l)-module with extremal weight ν − μ.
T ′νμ Pl Ind
g
p L
′(μ) is defined to be the direct summand of E′ ⊗Pl Indgp L′(μ) with central charac-
ter defined by ν and since E′ ⊗ Pl Indgp L′(μ) is isomorphic to Pl Indgp(E′ ⊗ L′(μ)), we have
T ′νμ Pl Ind
g
p L
′(μ) ∼= Pl Indgp
(
E′ ⊗ L′(μ))
ν
= Pl Indgp T ′νμ L′(μ). 
Lemma 2.6. For each two-sided ideal I in U(g),
V(I ) = V ′(Pl(I )).
Proof. Since P = P ′Pl, we have
V(I ) = {λ ∈ h∗ ∣∣ P(I)(λ) = 0}
= {λ ∈ h∗ ∣∣ P ′Pl(I )(λ) = 0}
= V ′(Pl(I )). 
We will prove now the basic result of this paragraph. We will calculate a lower estimate of the
characteristic variety of an induced ideal. This proves conjecture (C1) in [4, appendix].
Theorem 2.7. Let ν ∈ (h′)∗, λ ∈ z∗ such that J = AnnU(l) L′(ν) and Ip(J,λ) the corresponding
induced ideal. Then, one has
V(Ip(J,λ))⊃ DB ′(V ′(J ) + λ).
Proof. Let μ ∈ h∗ dominant in the Weyl orbit of ν + λ. There exists w ∈ W such that w · μ =
ν + λ. Since W = DB ′W ′, there exists w′ ∈ W and x ∈ DB ′ such that w = w′x−1.
By Lemma 7.16 in [10], the induced module U(g) ⊗pB′ L′(w′w−1D′μ · μ) is simple, hence
Pl AnnU(g) Indgp L′
(
w′w−1
D′μ
· μ)= AnnU(l) Pl Indgp L′(w′w−1D′μ · μ). (2.2)
The elements wD′μ and x are in DB ′ , so w
−1
D′μ
· μ and x−1 · μ are B ′-dominant. Thus, we may
consider the translator functor T ′x
−1·μ
w−1
D′μ ·μ
:
√
T ′x
−1·μ
w−1
D′μ ·μ
√
Pl AnnU(g) Indgp L′
(
w′w−1
D′μ
· μ)=
√
T ′x
−1·μ
w−1
D′μ ·μ
√
AnnU(l) Pl Indgp L′
(
w′w−1
D′μ
· μ)
=
√
AnnU(l) T ′x
−1·μ
w−1
D′μ ·μ
Pl Indgp L′
(
w′w−1
D′μ
· μ).
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√
AnnU(l) Pl Indgp L′(w′x−1 · μ) which contains
Pl Indgp I ′(w′x−1 · μ). Thus using Lemma 2.6 one gets
V(IpB′ (w′x−1 · μ))= V ′(Pl Indgp I ′(w′x−1 · μ))
⊃ V ′
(
T ′x
−1·μ
w−1
D′μ ·μ
Pl AnnU(g) Indgp L′
(
w′w−1
D′μ
· μ)).
By Eq. (2.2), Propositions 1.2 and 2.4(b)
V ′
(
T ′x
−1·μ
w−1
D′μ ·μ
Pl AnnU(g) Indgp L′
(
w′w−1
D′μ
· μ))= V ′(T ′x−1·μ
w−1
D′μ ·μ
AnnU(l) Pl Indgp L′
(
w′w−1
D′μ
· μ))
= DB ′V ′
(
I ′
(
w′x−1 · μ)).
Thus, finally, summarizing one has
V(IpB′ (w′x−1 · μ))⊃ DB ′V ′(I ′(w′x−1 · μ))
= DB ′V ′
(
I ′(ν + λ))
= DB ′
(V ′(J ) + λ). 
Remark 2.8. The proposition above implies obviously a better result for the characteristic variety
of Ip(J,λ):
V(Ip(J,λ))⊃ ⋃
ξ∈DB′ (V ′(J )+λ)
V(I (ξ)).
3. Characteristic variety and prime spectrum
The object of this section is to describe the characteristic variety of a prime ideal in U(g). Ac-
cording to [4, Corollary 5.7], every prime ideal can be expressed in an induced form convenient
for studying its characteristic variety using the results of Section 2.
First, following W. Soergel in [13], given any subset Ω in h∗ we define the semi-prime ideal
IΩ in U(g) by the following way:
IΩ =
⋂
λ∈Ω
I (λ).
If Ω is irreducible, IΩ is prime [6, Proposition 3.2.5]. In addition the map Ω → IΩ from the set
of irreducible subsets in h∗ to SpecU(g) is surjective. Hence, if P is a prime ideal in U(g), there
exists an irreducible subset Ω in h∗ such that P = IΩ . Next by W. Borho and A. Joseph in [4]
there exist a parabolic subalgebra p of g with Levi subalgebra l, center z and ν ∈ (h′)∗, and an
irreducible subset Λ of z∗ such that
IΩ = Ip(J,Λ) :=
⋂
Ip(J,λ),λ∈Λ
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A. Joseph.
Lemma 3.1. For any irreducible subset Λ of z∗ we have
V
(⋂
λ∈Λ
Ip(J,λ)
)
=
⋃
λ∈Λ
V(Ip(J,λ)).
Proof. By [3, Lemma 3.9(a)] we have I := ⋂λ∈Λ Ip(J,λ) = ⋂λ∈Λ Ip(J,λ). Thus,
by [11, Lemma 1(v)] we take the inclusion
V
(⋂
λ∈Λ
Ip(J,λ)
)
⊃
⋃
λ∈Λ
V(Ip(J,λ)).
Suppose now that ν ∈ V(I ), then I ⊂ I (ν). By [4, Theorem 5.1] there exists λ0 ∈ Λ such that
I ⊃ Ip(J,λ0), then ν ∈ V(I (ν)) ⊂ V(Ip(J,λ0)), hence the inclusion ⊂ is proven. 
Let α ∈ B and pα the parabolic subalgebra defined by B ′ = {α} with Levi factor lα . Let
ν ∈ (h′)∗ be a dominant regular relative to B ′ = {α}, Λ an irreducible subset of z∗ and
J = AnnU(lα) L′(ν) a primitive ideal in U(lα). Denote by C the fundamental chamber. Let
w1,w2, . . . ,ws ∈ W such that wi ∩ ν + Λ = ∅ for i = 1,2, . . . , s. We set Λi = wiC ∩ ν + Λ.
It is obvious that
⋃s
i=1 Λi = Λ. We recall that for any w ∈ W , Tα,w = {β ∈ B | 〈wα,β〉 = 0}.
Now using the results of Proposition 1.6 of Section 1 we calculate explicitly the characteristic
variety of a prime ideal P = Ipα (J,Λ) induced by a parabolic subalgebra which Levi factor
is isomorphic to sl(2,C) and a primitive ideal J = AnnL′(ν) in U(l) such that α ∈ R+ν+λ for
all λ ∈ Λ.
Proposition 3.2. Let Λ an irreducible subset of z∗. Suppose that α ∈ R+ν+λ for any λ ∈ Λ. Then,
V(Ipα (J,Λ))=
s⋃
i=1
⋃
λ∈Λi
⋃
β∈Tα,wi
Dβwi · (ν + λ).
Proof. It follows by Proposition 1.6 and Lemma 3.1 above. 
The following proposition gives a partial answer to the conjecture (C2) in [4, appendix].
Proposition 3.3. Let P be a prime ideal such that P = Ip(J,Λ) with p a parabolic subalgebra
with Levi l and J a primitive ideal in U(l). Then we have,
V(Ip(J,Λ))⊃ DB ′(V ′(J ) + Λ). (3.1)
Proof. It follows by Theorem 2.7 and Lemma 3.1. 
Remark 3.4. Inclusion (3.1) is in general strict and conjecture (C2) is not true (see [12, exam-
ple]).
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ideal P in U(g) and answers Problem 3 in [13].
Proposition 3.5. Let P be a prime ideal in U(g). There exists a parabolic subalgebra p of g with
Levi l, a rigid primitive ideal J of U(l) and an irreducible subset Λ of the dual of the center z
of l such that P =⋂λ∈Λ Ip(J,λ). Then, the Gelfand–Kirillov dimension of U(g)/P is equal to
DimU(g)/P = 2 dimg/p + Dim(U(l)/J )+ dimΛ.
Proof. Let R(Λ) be the ring of regular functions on Λ as a p-module by identifying z with
p/[p,p]. Then, the prime ideal Ip(J,Λ) is the annihilator of the induced module U(u−) ⊗
L′(ν) ⊗ S(z∗)/R(Λ). Thus,
DimU(g)/P = DimU(g)/Ip(J,Λ)
= 2 Dim(U(u−) ⊗ L′(ν) ⊗ S(z∗)/R(Λ))
= 2 dimg/p + Dim(U(l)/J )+ dimΛ.
Thus we have the proposition. 
We give now a main example:
3.1. The case of sl(4)
Let R = {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3} be the set of positive roots of the root
system of sl(4) with base B = {α1, α2, α3} and Weyl group W . Let α1 ,α2,α3 the fundamen-
tal weights corresponding to α1, α2, α3. Take B ′ = {α1, α3} and pB ′ the corresponding parabolic
with Levi lB ′ and center z. Let W ′ = {1, s1, s3, s1s3} be the Weyl group of lB ′ . It is obvious
that DB ′ = {1, s2, s1s2, s3s2, s1s3s2, s2s1s3s2}. Take ν = α1 + α3 and λ ∈ z∗ = Cα2 . We con-
sider the irreducible subset in h∗, Ω = ν + z∗ and the corresponding prime ideal IΩ . For any
λ ∈ z∗0 = Cα2 \Zα2 , V(IpB′ (ν + λ)) = DB ′(V ′(J )+ λ). Let z∗1 = Zα2 and Ω1 = ν + z∗1. We
decompose Ω1 =⋃6i=1 Ωi1 such that:
Ω11 = {λ ∈ Ω1 | λ + ρ ∈ C},
Ω12 = {λ ∈ Ω1 | λ + ρ ∈ s2C},
Ω13 = {λ ∈ Ω1 | λ + ρ ∈ s2s1C},
Ω14 = {λ ∈ Ω1 | λ + ρ ∈ s2s3C},
Ω15 = {λ ∈ Ω1 | λ + ρ ∈ s2s3s1C},
Ω16 = {λ ∈ Ω1 | λ + ρ ∈ s2s3s1s2C}.
By Lemma 3.1, one has that
V(IΩ) =
⋃
∗
(V(IpB′ (ν + λ))).
λ∈z
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V(IΩ) = DB ′ · Ω
∪ {s1s2, s3s2, s2s1, s2s3, s1s3s2, s3s2s1, s1s2s3}
(
s2 · Ω21 ∪ s1s3s2 · Ω51
)
∪ {s3s2s1, s1s2s3, s2s1s3}
(
s1s2 · Ω31 ∪ s3s2 · Ω41
)
.
Take μ ∈ s2 · Ω21 . Then I (s2s1s3s2 · μ) ⊃ IΩ . Set λ1 = s2s1s3s2 · μ. Then we have λ1 ∈ V(IΩ)
but λ1 /∈⋃ξ∈DB′ ·Ω V(I (ξ)). Thus Soergel’s revised conjecture (see http://home.mathematik.uni-
freiburg.de/soergel/PReprints/Korrektur.pdf) is not true in general.
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